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A  SIMPLE!  FIA)ATING  PENDtlLUM  GYROCOMPASS  WITH 
SUSPENSION  ON  A  CORE  BEARING 

[This  is  a  translation  of  an  article  by  M.  A. 

Sergeyev  in  Izvestiya  Vysshlkh  Uchebnykh  Zavedeniy^ 
Priborostroyeniye  (News  of  Institutions  of  Higher 
Education,  Instrument  Building) ,  No  1959- J 

At  the  present  time  several  experimental  models  have  been 
made  of  land  gyroscopic  compasses,  whose  sensing  components  are 
suspended  in  a  li(ixii.d  and  centered  on  a  core  bearing  (Fig,  l).  We 
cite  below  a  theoretical  investigation  of  the  motion  of  the 
sensing  component  of  this  compass  at  an  ai-bitrary  position  of  the 
center  of  gravity  and  of  the  center  of  volume. 

In  order  to  compose  differential  equations  of  motion,  we 

will  use  a  geographically-oriented  system  of  coordinates  of 
Oln^.  We  will  direct  axis  |  along  the  meridian  line  northward, 


axis  ^  toward  the  zenith,  and  the  direction  of  axis  Tr\  is 


Structural  diagram  of  floating  gyrocompass  with  suspension 
on  a  core  bearing;  l-sensing  component;  2-gyroraotor; 
J-attachment  brackets  of  gyromotor;  4-electrodes; 

5*frame;  6-theodolite;  7“Colliffiator  tube;  8-mirror; 

9-core  bearing. 
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Ttie  vertical  and  horizontal  components  of  the  diurnal 
rotation  of  the  earth  about  axis  ^  and  5  will  be  correspondingly 
U  sin  <p'  M^w^exe  (j>  is  tiie  latitude  of  the  location. 

ke  will  connect  the  system  of  coordinates  OXlfZ  with  the 
sensing  ccmponent.  We  will  make  point  0  coincide  with  the  point 
of  suspension.  Axis  Y  in  the  position  of  equilibrium  of  the 
sensing  component  and  when  the  gyroscope  does  not  rotate 
(H  »  O)  coincides  with  the  vertical,  and  then  the  remaining 
axes  X  and  Z  lie  in  the  plane  of  the  horizon. 

Let  us  assume  that  the  principal  axis  of  the  gyroscope 
is  directed  along  with  or  parallel  to  axis  Z.  The  coordinates 
of  the  center  of  gravity  of  the  sensing  component  in  the  system 
of  coordinates  OXYZ  will  be  l^,  ly,  Iz;  the  coordinates 

of  the  center  of  volume  will  be  Lx>  W#  ^z.  . 

In  a  position  of  equilibrium  or  the  sensing  component  and 
at  H  a  0,  the  following  ccaiditions  are  present: 

ws  Qi.^  —  P/,  0. 

Ip^  =  Q~-P-/?=0.  0) 

where  P  is  the  wei^t  of  the  sensing  component; 

Q  is  its  carrying  capacity; 

R  is  the  reaction  of  the  core  bearing;  and 


Angles  determining  the  position  of  the  sensing  ccmponent. 
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Let  up  assume  that  the  instantaneous  position  of  axis 
Z  (at  H  /  0)  relative  to  the  system  of  coordinates  0|tj^ 

determined  by  angles  a  and  p  and  by  angular  velocities  a  and  p. 

The  Slim  total  of  projections  of  external  and  arroscopic 
torque  on  the  axes  Y  and  X  will  be  cori'espondingly: 

Ka  -f  HUcastf  .  «  -f  -j-  {QL^  —  P^)  ^  =0  | 

K-^  +  (P/y  — Qf-y)?  -- W  /ft/sin  cp^Q/-4-“  P4|  ‘ 

where  k  is  the  coefficient  of  friction  with  the  liquid  (the 
forces  of  friction  in  the  core  hearing  are  not  taken  into 
account) . 

If  we  neglect  moment  k^,  as  being  \'ery  small,  then  on 
condition  (l)  we  will  rewrite  Equations  (2)  as  follows: 

ko'^HU  cos (p’a-k-H^=^0  | 

(P/^-Q/-y)^“//«=W(ysinH>  I 

The  position  of  equilibrium  of  axis  z  of  the  sensing  com¬ 
ponent  is  determined  by  the  expressions 

*'■“0.  Pr— p/y  „  piy- 

Excluding  the  variable  ^  from  the  first  equation,  we  get 

^  K  * 

a  2  A  a  -f  ji*a  ™  0, 


where 


»(Ph~~0Ly) 

— -p 


{Ply  —  QLy)  UcOSf 


The  tctal  integral  of  Equation  (h)  is 
a = De  ^ cos  { 

The  law  of  motion  of  the  sensing  component  will  he  deter¬ 
mined  .at  the  following  initial  conditions;  let  at  t  -0, 
a  a  0!q,  0!  =  0.  As  a  result  of  calculations  made,  we  will  . obtain 

it  .  *  .  .  ^  r  .  1.  1  \ 


e  cos  {nt  —  cos  {nt  ™ 


where 


In  the  land  floating  gyrocompasses  with  suspension  on  a  core 
bear:Lng  the  weight  of  the  sensing  co33q)onent_  is  practically 
eqira.1  to  the  carrying  capacity,  i.e.  PssQ  .  Eiarefore  the 
period  of  free  undamped  oscillations  can  be  determined  with 
sufficient  accuracy  according  to  the  formula 


PUy  —  Ly)  U  COS  (y 
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It  follows  from  expression  (8)  that  the  magnitude  of  the 
period,  of  free  undamped  oscillations  at  ptsstQ  depends,  in  par¬ 
ticular,  on  the  distance  between  the  center  of  gravity  of  the 
sensing  component  and  the  center  of  its  volume.  In  order  to 
dirriinish  the  magnitude  of  the  period  of  free  undamped  oscillations 
a.nd  hence  to  reduce  the  time,  which  is  necessary  to  determine  the 
gyroscopic  azimuth  of  the  orienting  side,  in  designing  the 
apparatus  the  center  of  the  volume  of  the  sensing  component 
should,  if  possible,  be  removed  from  its  center  of  gravity. 


Fig.  5 

Dependence  of  the  magnitude  of  the  period  of  free 
undamped  oscillations  of  the  sensing  component  on 
the  erection  torque. 

Consequently,  with  an  identical  weigh't  of  the  sensing  c-ompo- 
nsnt,  the  magnitude  of  the  period  will  depend  on  the  natui-e  of 
the  distribution  of  its  volume  relative  to  the  center  of  gravity, 
but  it  is  not  affected  by  the  position  of  the  point  of  suspension. 
However,  a  diminishing  of  the  period  of.  free  undamped 
osciLlations  of  a  simple  pendulum  gyrocompass  due  to  aa  increase 
of  the  erection  torque  ftJI  indicated  within  a  determined  range. 

This  is  directly  evident  from  the  curve  (Fig.  3) 

where  in  a  particular  instance  the  magnitude  of  can  be 

The  cited  functions  indicate  that  a.  diminishing  of  the 
magnitude  of  the  period  with  an  increase  of  the  erection  torque 
initially  proceeds  quite  intensively.  This  takes  place  on 

condition  rfF  ^ _ _  i  curve  sector  ab.  Subsequently,  with  an 


increase  of  the  erection  torque  into  equal  magnitudes  the 
diminishing  of  the  period  takes  place  at  an  actually  smaller 
magnitude,  i»e.,  for  a  small  diminishing  of  the  period  it  is 
necessary  considerably  to  increase  the  size  of  the  apparatus, 

the  sector  of  curve  be,  and  then  ^  's  ■—  l 

It  is  therefore  indicated  to  have  such  ■^rameters  of  the 
apparatus  which  woiad  satisfy  the  relation  *iL  i  >  or, 

y  ‘JK  ^  ' 

substituting  the  values  of  period  (8),  we  find 

(9) 

where  E  and  have,  eorrespondingly  the  dimensions  fcia  sec, 
r  cm. 

The  above  dependence  (9)  between  the  magnitude  of  the 
erection  torque  and  the  gyroscope's  kinetic  moment  makes  it 
possible  to  determine  fairly  rapidly  whether  the  parameters  of 
the  apparatus  correspond  to  the  sector  ab  of  cxirve 
or  whether  they  reach  beyond  it.  '  l\  ) 

We  will  ana.lyze  the  motion  of  the  sensing  component  at  a 
variable  magnitude  of  its  carrying  capacity.  Let  us  assume  that 
the  magnitude  of  the  carrying  capacity  was  initially  constant 
Q  s  Qq  and  at  the  same  time  condition  (l)  existed.  Subsequently, 
as  a  result  of  the  change  of  density  of  the  supporting  liquid, 
caused  in  principle  by  the  instability  of  the  temperature  regime, 
the  cariying  capacity  will,  within  a  small  time  interval  t  =  t^ 

change  according  to  the  arbitrary  law  Q,  =  —  q(t),  while 

i,<§;7'end  7(0^  Q,. 

Substituting  the  value  of  Q  into  the  system  of  equations 
(2)  and  taking  into  account  equalities  (l)  we  will  obtain  the 
equations  of  motion  of  the  sensing  component,  whose  carrying 
capacity  changes  according  to  the  arbitrary  law 

wa -^^/^/cos  9  -  K -f //p  —  ) 

-f  (P/y  —  Qoi.y) p  -f  qit)Ly^  —  /~/«=r//£/sin<?  ~-L^q{t)^  (10) 

Detezxaining  the  value  of  3  from  the  second  equation  and 
substituting  it  into  the  first  equation  (we  neglect  moment  kp  as 
being  very  sm  U)  we  have 

i  +  [2  A  +  2 * .  (?{0  -  ?(0  -  I i  +  If’'-!- 1-'*  L,g(t)]  <i= 


_  ^ sin  (O  ,  Lz  j 

~  9Ji  +  q(0  - Jf— 


9it)kii)Lz 

imTm 


T-jyT-y  qfO  ?  (11) 
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where 


yi-=zPl  —  QL  is  erection  torque  at  Q  =  QqJ 


v=.I. 

n 


and 


Qh 


~1W 


is  a  small  parameter; 


is  the  frequency  of  free  undamped 
oscillations  at  ^  =  QqJ 

is  the  doubled  damping  coefficient 
at  X-  * 


Expanding  the  terms  of  Equation  (11 )  into  a  series  con¬ 
taining  in  the  denominator  '30^  + <7(0  according  to  the  exponents 
and  neglecting  the  terms  of  the  second  and  higher  degree 
of  smallness,  we  will  obtain 

(t-t[2h-^avq{t)  —  L^vcj  U)]a  +  [^'^  i-  ^‘‘vLyq  {f)]a  =  hq  [t)  +cq{i), 
where 
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(12) 


2h 


m  , 

Tfi-x  - 
HU  sin  f 


a 


ti 

Lx  U&u^  f 
H 


(13) 


We  solve  Equation  (l2)  by  the  method  of  successive  ap¬ 
proximations,  and  for  this  purpose  we  will  transfer  the  terms 
which  contain  variable  coefficients  with  linknowns,  into  the 
right-hand  side  of  the  equality,  namely 
‘<x+  2hcn  +  ft)+  c<j  (t)  +  7  0) 

We  will  take  as  the  equation  of  zero  approximation 

<xo+2/iao+  ^*00*^0. 

Substituting  the  solution  of  Equation  (15)  into  (l4),  we 
will  obtain  the  equation  of  the  first  approximation 

s,  +  2  /?«,  +  =  h  (-^)+  ^0  } 

Similarly,  the  equation  of  the  n-th  approximation  will  be 

c<}(±)  +  y{[Ly  f  K -1 

Then  we  will  find  the  solution  of  Equation  (12)  as  the 
sum  total 

a=  do  +  (dj  —  do)-*-  (<^z  •“  Ct|)+  • '  •  > 

whence 

Ck  linn 

o» 


(Id) 

(15) 

(16) 
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In  our  investigation  we  limit  ourselves  only  to  the 
solution  of  the  equation  of  the  first  approximation,  i.e.,  we 
assume  (17)! 

Tfcie  partio^ilar  solution  of  the  equation  of  zero 
approximation,  at  initial  conditions  t  =  0,  OjssQ!,  o:  =  0  will  be 

Jt.  f  -  cos  inf  ■—  <V)  a^e~^cos  {nt  — 


«0 


V  ^  /V 

where  n  and  have  values  aeteimilnable  by  expressions  (?)*_ 

Substituting  solution  (l8)  into  Equation  (l6),  we  will 

obtain  di-t  2/»a.t  ■4- u^i  *=  A/(f), 


/19V 


. 

—  Lyq{f)\  sin  nt  -  L^git)  cos(nt  —  41)}. 
Ibe  total  integral  of  Eqmtion  (19 )  will  be 

a,  =  (Cjcos  nt  +  CjSip  itf)  +  "|- jf ^  ^  V(v)sin  n  (f  —  •=)</ 1 .  ^20} 

•  ■••■■■■•■ 

It  sbou3-d  be  noted  that  in  order  to  prevent  uncertainty,  the 
letter  stands  under  the  sign  of  the  integral  instead  of  t.  ^ 

We  will  deteimine  the  particular  solution  of  Equation  (19) 
at  the  accepted  initial  equations:  at  t  =  ai_,  ~  ctc> 
a  result  of.  the  calculations  made  the  arbitrary  constants  have 
the  fpllowing  values: 

Cf  ~  ®c  II 

Substituting  the  values  of  arbitrary  constants  into 
Equations  (20)  and  taking  into  "account  the  relation  (IT),  we  will 
obtain  the  solution  of  Equation  (12)  with  an  accuracy  up  to  the 
terms  which  contain  the  magnitude  \q{t)  >  first  degree 

/t  ^k(t-x) 

e  q{t)‘iix\n{t~-x)dx-\- 

U 

t  { 

«(/  — t)  f/x  +  a^v  A/,  (t)  sin  «{/  —xyd  x,  (21) 

0  .  "  .  ^ 

«=  !<?</  (t)  -  L,g(x)j  sin  h  x  -  p  l,g  (t)  cos  (n  x  -  ty). 


The  position  of  eq,uilihrium  of  land  gyroscopic  compasses 
is  determined  according  to  the  extreme  dis.placements  of  the 
sensing  component  in  the  azimuth,  but  which  are  not  binding  due 
to  unavoidable  chance  disturbances*  As  a  result,  an  error  ap¬ 
pears  in  the  reading  corresponding  to  the  position  of  equilibrium. 
As  we  shall  point  out  below,  the  magnitude  of  the  error 


depends  on  the  nature  of  chance  disturbances.  In  this  article 
we  are  concerned  only  with  the  q.ualitative  aspect  of  this 
phenomenon. 

From  the  obtained  approximate  law  of  motion  of  the 
sensing  component  (2l),  it  follows  that  during  arbitrary  changes 
of  its  carrying  capacity  chance  disturbances  are  superposed  on 
the  free  damped  oscillations  cos(n^'- 4^)  which  are 

caused  by  the  instabili-ty  of  the  carrying  capacity,  and  are 
determined  by  the  consequent  terms.  The  disturbed  motion  dis¬ 
torts  the  regularity  of  oscillation  of  the  sensing  component  in 
the  azimuth,  and  there  appears  an  error  in  reading  off  its 
position  of  equilibrium. 

If  the  carrying  capacity  of  the  sensing  component  is 
constant,  l.e.,  if  the  temperature  of  the  supporting  liquid  is 
unchanging,  then  Q  «  Qq  and  q(t)  *=  0.  Ihere  is  no  disturbed 

motion  during  this  condition.  Ihe  succession  of  extreme  dis¬ 
placements  of  the  sensing  component  in  the  azimuth  will  be 
regular  and  it  is  determined  in  accordance  with  expression  (6). 
Here  the  nsbure  of  oscillations  of  the  sensing  component,  not 
containing  any  chance  disturbances,  does  not  Introduce  errors 
into  the  reading  off  of  the  position  of  equilibrium. 

In  order  to  obtain  a  s\xfficiently  accurate  reading  from 
the  apparatus,  it  is  necessary  to  diminish  the  magnitude  of 
distui'bed  motion  caused  by  the  instability  of  the  carrying 
capacity  of  the  sensing  component,  ^wever,  a  high  degree  of  tem' 
psrature  stability  of  the  supporting  liquid  is  not  enough  to 
ensure  minimum  values  of  the  magnitude  of  disturbed  motion. 

As  follows  from .expression  (21),  it  is  also  necessary  to  make 
sure  that  the  cofactors  b,  c,  and  a  are  sufficiently  small.  In 
accordance  with  designation  (15)  the  values  of  b,  c,  and  a  depend 
on  the  design  constants  of  the  apparatus,  and  in  particular  on 
the  coordinates  of  the  center  of  volume  of  the  sensing  compo¬ 
nent  (I^,  Lg)  within  the  system  of  coordinates  OXYZ.  Hiere- 
fore,  in  order  to  diminish  the  disturbed  motion  it  is  necessary 
to  make  sure  that  the  center  of  volume  of  the  sensing  component 
should  sufficiently  accurately  coincide  with  the  point  of  its 
suspension.  It  shovLld  be  noted  that  in  the  ideal  case,  at 
Lx  =  ly  =  1*2  =  0  there  is  no  disturbed  motion  caused  by  the 

instability  of  the  carrying  capacity  and  the  oscillations  of  the 
sensing  ccaaponent  are  described  by  the  expression  (6), 

At  the  present  time  the  sensing  components  of  such  gyro¬ 
compasses  are  balanced  relative  to  the  rotational  axis  Y,  In 
balancing,  attempts  are  made  to  distribute  the  center  of  gravity 
and  the  center  of  volume  along  axis  Y,  i.e,,  to  have  «  0 
and  Lg  =  0.  However,  such  balancing  ensures  only  a  partial 
diminution  of  disturbed  motion  caxxsed  by  the  instability  of  the 
carrying  capacity.  As  a  result  of  the  fact  that  the  center 
of  volume  of  the  sensing  component  does  not  coincide  with  the 


‘point  of  suspension,  i.e.  ly  0,  the  magnitude  of  cofactor  b 

can  be  considerable.  At  the  same  time  the  disturbed  motion  will 
produce  a  substantial  distortion  of  the  regular  oscillations 
of  the  sensing  cotaponent  in  the  azimuth. 

Bia  last  components  which  describe  the  disturbed  motion  in 
expression  (2l)  are  directly  proportional  to  the  magnitude  of 
amplitude  a^.  This  component  is  vary  small  in  comparison  with 

terms  which  contain  cofactors  b  and  c.  !I5ierefore,  disturbed  motion 
which  depends  on  the  magnitude  of  the  amplitude  will  not  substan¬ 
tially  affect  the  regular  oscillations  of  the  sensing  compo¬ 
nent,  Still,  it  should  be  borne  in  mind  tha,t  it  is  preferable 
to  determine  the  position  of  equilibrium  according  to  small 
amplitudes  than  according  to  large  amplitudes. 

Conclusions 


Ihe  investigation  of  the  motion  of  the  sensing  component 
of  a  floating  simple  pendulum  gyrocompass  with  suspension  on  a 
core  bearing  at  am  arbitrary  position  of  the  center  of  gravity  an 
and  of  the  center  of  its  volume,  males  it  possible  to  arrive  at 


the  following  conclusions: 

1.  The  period  of  free  undamped  oscillations  at 


mined  according  to  the  formula 


AT _ 

Ly  )  COS  f  ■ 


j 


is  deter- 


The  magnitude  of  the  period  depends  on  the  distance  between 
the  center  of  gravity  of  the  sensing  component  and  the  center 
of  its  voluiue  and  is  not  affected  by  the  position  of  the  point 
of  sxispension. 

2.  In  order  to  diminish  disturbed  motion  caiised  by  the 
instability  of  the  carrying  capacity,  and  hence  in  order  to 
increase  the  accuracy  of  reading  of  the  apparatus,  it  Is  neces¬ 
sary  to  make  sure  that  the  center  of  volume  of  the  sensing 
component  shou3.d  coincide  with  the  point  of  suspension.  Bie 
position  of  equilibrium  of  the  sensing  component  is  preferably 
determined  by  small  amplitudes  than  by  large  ones. 
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